It was recently shown that the volume operator of loop quantum cosmology (LQC) and all its positive powers are ill-defined on physical states. In this paper, we investigate how it effects predictions of cosmic microwave background (CMB) power spectra obtained within dressed metric approach for which expectations values ofâ are the key element. We find that almost every step in the procedure is ill-defined and relies heavily upon a (seemingly premature) numerical truncation. Thus, it suggests that more care is needed in making predictions regarding pre-inflationary physics. We propose a new scheme which contains only well-defined quantities. The surprising agreement of the hitherto models with observational data, especially at low angular momenta l is explained.
from this angle at the dressed metric approach which is a perturbation scheme for the pre-inflationary cosmology.
II. DRESSED METRIC APPROACH
The perturbation scheme for LQC coupled to inhomogeneous scalar field perturbations was initiated in [6] and developed in [7, 8] for applications to CMB power spectra and other fields.
A. The quantum cosmological spacetime
The homogeneous isotropic background quantum geometry is given by the LQC models, and takes the form of operator valued quantum spacetime metric tensor
whereâ
The effective quantum Hamiltonian operatorĤ o and the scale operatorâ are defined in a suitable Hilbert space. The background matter consists in spatially homogeneous scalar field T of the quantum momentum
The recent result [1] that motivated the current letter is that for the main LQC models, for every generic state of the quantum cosmological spacetime, that is a state Ψ such thatĤ
the expectation value of the scale operatorâ(T ) suffers pathological property, namely
for every finite interval τ and arbitrary real power ǫ > 0, where · are expectations values evaluated at any background state Ψ.
The first and obvious consequence is that the expected (formally classical) metric tensor ds 2 is not well defined. What about the effective classical metric tensor (the dressed metric)
that is sensed by quantum test fields? It is somewhat different, defined as
however, the problem persits.
B. Equations of motion
Let us assume for a moment that dressed metric is well-defined object, it means all expectation values are finite. Then, one can consider either scalar Q or tensorial T perturbations which are evolved using this dressed metric.
Following [9] Q represents Mukhanov variable. To be more precise, T satisfies wave equation with respect to the metric (6):
whereas equation for Q contains the additional potential term:
Since we are working on a homogeneous background, it is convenient to take the spatial Fourier transform, we will denote is component by T k and Q k . We can introduce conformal time η as
in which evolution equation is particularly simple:
We turn now to the case when (5) holds. It is a simple generalization of [1] to any positive power of volume (and thus alsoâ) operator. It is true for k = 0, Λ = 0 standard LQC with massless scalar field (at least for APS [10] , MMO [11] , sLQC [12] and sMMO [13] ). Obviously, the equations (9) and (11) written above do not make sense any more (at least not for more than one instance of time T ). However, one could hope that the final equations (12-13) may somewhat magically, due to some cancelling (at least conceivable) consist of well-defined terms. In order to check it out, we have to rewrite the equations of motion (12) (13) in terms of the scalar field time T used in our model. We have ∂ η = 1
By a simple application of a chain rule, we obtain wave equation in the time T :
The scalar perturbation Q k satisfies the similar equation
Obviously, the termã 4 cannot be regularized in any natural manner.
C. The choice of vacuum
Until now, we were treating T and Q as a classical variables. In fact they are Fock quantized. Suitably selected solutions T k and Q k of (14, and 15) serve as coefficients to the annihilation and creation operatorsÂ k andÂ † k , respectively:
Obviously, different choices of T k lead to differentÂ k and thus different (possibly not unitarly equivalent) vacua. Our notation in denoting T k as T k already suggests that the chosen vacuum state is adapted to the geometry and thus invariant under euclidean group. This however is not enough, one needs also to define an asymptotic behaviour of T k . In the usual, slow-roll inflation one can introduce the notion of Bunch-Davies state. Unfortunately, it is not the case near the Bounce (on which in particular Hubble constant vanishes). It was argued in [9] that it is physically reasonable to assume that the state satisfies adiabatic condition at the 4th order. In particular, it is the minimal requirement to assure the existence of the stress-energy tensor for perturbations. This fixes T k up to the correction of order ã k 9 2 . Sinceã = ∞, also this requirement is not well-posed.
III. ALTERNATIVE APPROACH TO EFFECTIVE SPACETIME
In this section we discuss more general attempt to describe an evolution of a perturbation on a quantum FLRW background. The main difference lies in the fact that in this method lapse function N is not chosen to be a 3 p φ and we obtain the whole family of Born-Oppenheimer-like dynamics for different N . By a (highly non-canonical) appropriate choice of lapse, we can obtain equations of motion for perturbation which contain only well-defined quantities. We assume, in the usual spirit of dressed metric dynamics, that several terms are negligible.
Self-consistency of that assumption with numerical calculations can give further insight into applicability of a given approximation.
For simplicity we work only with a free scalar field. Introduction of a potential and tensor modes is straightforward.
A. Explicit cutoff approach
In this section we will consider an alternative to the usual evolution of perturbations on quantum background. It leads to mathematically well-defined dressed metric. As a price, we need to introduce some ambiguities along the way. However, they were in fact present in the effective dynamics from the very beginning, our derivation merely makes them explicit. Moreover, it seems that for a large class of possible choices, obtained evolution equations are (almost) unambiguous.
For simplicity, we are interested only in free, scalar field. Inclusion of the potential or tensor modes is straightforward.
We use the following ansatz for the state in the interaction picture:
where Ψ o is a quantum geometry solving hamiltonian constraint. Separability of state corresponds to the assumption that backreaction can be ignored. One is led to the following Schrodinger-like equation (see (4.7) in [6] ):
If we were following previous attempts precisely, the next step would be to take scalar product in geometrical sector of our theory with Ψ 0 . Unfortunately, as we have seen, obtained expressions are ill-defined. Instead, we can take scalar product with a vectorÂΨ o . If Eq. (18) held exactly, it would give us the same dynamics. Obviously, it is not the case and so we obtain a whole family of possible equations:
Two problems rise immediately. First of all, there is an obvious ambiguity in the choice of anÂ. Second of all, since operators in brackets are in general not even symmetric, their expectations values are going to be complex and so evolution of Ψ pert is not unitary. We will see that for semiclassical background, the latter issue does not matter. One could also hope it is true also for the former.
Let us assume that Ψ o for some late time T (e.g. in the current universe) satisfies the following semiclassical property:
for suchÂ,B that both sides are well-defined. It is well-known that LQC evolution preserves this condition even up to the Bounce. Let us take in Eq.
o , wheref is some function regular at 0 and vanishing fast enough at infinity. Now we can approximate:
We have assumed that H Any imaginary part vanishes in the semiclassical limit and thus unitarity is restored. Our choice ofÂ corresponds to the free massless scalar field living on the following background:
where:ã
In particular, it seems that f (a) = a 4 0 a 2 + a 2 0 −2 with an appropriate choice of a 0 would work. From the final expressions above, it should be clear that f (a)
can be interpreted as a smooth cutoff in the volume. It has an advantage in comparison with a sharp cutoff used before such that it is state independent and it should work for all ranges of the volume. One could also hope that (20) is satisfied.
B. Comparison with previous works
It would be of interest to compare this with results obtained previously in the literature. Unfortunately, our result relies heavily upon the assumption that the universe is semiclassical. It is in some sense in the conflict with the original idea that one could use effective evolution of a test field to probe higher moments of a operator. Here, we explicitly neglect at least some correlations. It would be of interest to check previous numerical calculations for signs of breaking from semiclassical regime, even so we expect smooth cutoff to be better.
So far, in numerical studies no divergences were detected which suggests that they are extremely small in agreement with analytical predictions [1] . It is possible that just discovered infinities become visible way beyond first quantum corrections and thus one could still try to probe them.
IV. SUMMARY
Recently, a crucial problem in the dynamical evolution of the expectation values of the quantum scale factor operator in some models of LQC was discovered
[1], namely the property (5). In the current paper physical consequences of that result were investigated, in particular, whether those LQC models can be used to predict the cosmic microwave background (CMB) power spectra. Obviously, given (5), the dynamics does not allow to define expectation values of quantum spacetime metric coefficients. Moreover, an effective, semiclassical dressed spacetime metric sensed by quantum fields propagating in a semiclassical state of LQC can not be defined either. Finally and most importantly, quantum test fields can not be defined either. There is no chance for any canceling of infinities in the dressed scale factor used in the corresponding equations. Therefore, the conclusion is, that predictions on the cosmic microwave background (CMB) power spectra for the LQC models that have the property (5) is not possible.
However, we proposed a generalized dressed metric approach (23) which is (at least in its final expressions) free of those mathematical issues. We conjecture that this could be seen also as a transformation from a theory with one lapse to another.
A more optimistic conclusion for Loop Quantum Cosmology is, that the Big Bounce property is insensitive of the problem (5) because the energy density operatorρ (T ) = 1 2â −2 (T )Ĥ 2 oâ −2 (T ).
is bounded.
